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Abstract. Within the framework of statistical physics, we derive a cavity method for
generalization by perceptrons, where the Kuhn~Tucker conditions for optimal stability are built
into the cavity fields. In this way, the calculation of the generalization ability for leaming
processes leading to optimal stability is simplified. Within our approach, the degrees of freedom
of the neurons can be rather asbitrary. For perceptrons with Ising neurons we relate our method
to the traditional replica approach. New results are obtained for {J-state Potts modet perceptrans,
including the asymptotic behaviour for o - oo and general ¢.

1. Introduction

In a recent paper, [1], we have treated the legrning problem for Q-state Potts model
perceptrons within the framework of statistical physics by a general method based on a
cavity formalism. In this method, the Kuhn-Tucker conditions, which lead to optimal
stability in AdaTron type learning processes, have been built into the cavity formulation.
In this way, we obtained a number of exact results for learning with maximal stability for
Potts model networks in [1], and in [2] for the clock model case.

In the present paper, we extend our Kuhn-Tucker cavity approach to the More
complicated generalizarion problem. There one considers two automata, each possessing
the same number and type of input units and one output unit. The inputs to the automata
are termed ‘questions’, and the outputs ‘answers’, One of these automata, ‘the teacher’, is
fixed, and her answers are ‘comrect’ per definition, whereas the second one, ‘the student’,
has couplings, which are changed in the course of a training process during which she tries
to minimize the number of errors of her answers with respect to a set of random ‘questions’.
Of course, this problem can be extended, e.g. to cases, where the ‘teacher’ gives the correct
answer only with a certain probability. However, in the following, such extensions will not
be considered.

An extensive description of generalization problems in the case of percepirons with
Ysing neurons has been given by Watkin er @l [3]. In section 2 we demonstrate qur cavity
method for this case and find that the results from our Kuhn-Tucker cavity approach
agree with those obtained by the traditional replica approach, see [4], although our two
self-consistency equations are different from those of [4] (see below). Moreover, in this
section we present a detailed derivation and comparison of hoth approaches by cavity
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arguments, which lead to insights allowing the treatment of more complex systems. The
cavity arguments corresponding to the replica approach generalize ideas of Griniasty [5],
and are equivalent to the assumption of replica symmetry, whereas our approach js more
general, see [6]. Finally, at the end of section 2 we find it useful for numerical calcuiations,
to combine equations from both approaches in a certain, non-trivial way.

In section 3, we exrend these studies to the case of Potts perceptrons: we assume that
both automata have the same number N of (-state Potts input neurons and one ('-state
output neuron, and real couplings, see below. For this case, we obtain accurate results for
the generalization ability G(&, O and for the information gain A Iy{e, Q) for Q' ranging
from 3 to 1000. To our knowledge the generalization ability of Potts perceptrons with
optimal stability has up to now only been treated in the so-called annealed approximation,
[7].

For both cases, i.e. for the perceptron with Ising neurons and for the Potts model
case, both with real couplings subject to the usnal spherical constraint, the desired maximal
stability and good generalization properties can be obtained by the fast and efficient AdaTron
learning processes defined in [8, 2] respectively. An even better generalization would be
obtained with the so-called ‘optimal (i.e. Bayesian) perceptron’ as discussed by [3, 9];
however, the “optimal perceptron’ is not easily approximated and therefore not discussed in
the following.

In (6], one of us has treated further problems with our Kuhn-Tucker cavity method, for
which a replica-symmetric approach does not suffice, in contrast to the present situation.
Those additional results of [6] will be published in a subsequent paper [10].

2. Generalization for perceptrons with Ising neurons

2.1. Basic equations

‘We consider perceptrons with ¥ input neurons, s 1= (sy, ..., 5»), and (for simplicity) one
ouiput neuron s,,,. Here the s; and s,,, are binary variables, e.g. s; = £1 {‘Ising neurons’).
The output {“answer’) generated by the input vector s (‘question’) is given by the usual rule
for simple binary perceptrons

v _
Sour = Sign [Z Jksk:l (D

k=1

which means that the perceptron classifies the inputs, or ‘gives answers to input questions’.
Now let us consider two perceptrons with couplings J7 and Jg, respectively, the ‘teacher’
and ‘student’ perceptrons, and a ‘training set’ of p questions s = £* := (g, ..., &) for
g =1,..., p. The comect answers to any questions, particularly those to the ‘training
questions {,’“ are given by the teacher perceptron (£# = ¢5). Thus it is the student’s task
to adapt her couplings in such a way by a certain learning process (see below) that she
gives the correct answers to the training questions.

The measure of performance of the student perceptron, after just having ‘leamt’
p :=o- N training questions £* with answers {7 = s:gn[Ek 1 JT &L, is the generalization
probability G(e), namely the probability to answer an additional random question in the
same way as the teacher. (More generally this is the task to learn a given ‘rule’ from
p = aN questions.)

In the following we assume for simpiicity that the question bits are chosen randomly as
a1 with probability % Concerning the teacher we then only have to assume that the output
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is not dominated by very few couplings J’,f, see below, The quantity o = p/N is usually
called the ‘loading parameter’.
Let us denote by

N N
By = Z JTek and B = Z S (2)
k=1 k=1

the so-called presynaptic fields at the output neuron of the teacher and the student perceptron,
respectively, generated by the question £* := (&', .. ., £, which is drawn from the already
mentioned ‘training set’ with & = 1,..., p(= a@N) questions. For simplicity, the length of
the teacher’s coupling vector J° T o= Jr, .. T g) is normalized as |JT|? =1 (as already
mentioned).

In contrast, for the student perceptron the length L := |J| is minimized in the course of
the AdaTron training process, see below, i.e. the stability « 1= 1/L is maximized.

Also the presynaptic field A% at the teacher’s output neuron is then (i.e. under the above-
mentioned conditions concerning the couplings) for N >3 1 a Gaussian random number with
average 0 and variance 1, ie. ‘normally distributed’. Now the output of the teacher, ie.
‘the correct answer’ to the ‘question’ £, is ¢y = sign(hf). Therefore, the so-called re-
oriented field of the teacher, Ef =} h“ is a random variable x with the probability density
p(x) = (O(x)//7) exp(—x2/2), where @x)y=1forx>0,=0forx <0

2.2. The re-oriented field of a new pattern

If now an additional pattern with index ¢ = 0 is added to the training set, the re-oriented
presynaptic field (i.e. re-oriented with the teacher’s answer) of the student is

N
E® :=sign(h)) > Jutd (3)
k=]

where the ™ is introduced to indicate that one is dealing with the ‘bare’ re-oriented cavity
field, i.e. before any additional training. Crucial in constructing this non-Gaussian random
number is the overlap R between the teacher and student perceptrons

Jr.J
Iﬂilli

which also characterizes the statistical physics of our learning process. .

The coupling vector of the student perceptron with length £ := |J| can be decomposed
into a component of length R - L parallel to the coupling vector of the teacher perceptron
and a part of length ~/1 — RZ- L perpendicular to jt. We introduce two normally distributed
random numbers «; and u., which characterize the local fields generated by the normalized
coupling vectors in these directions according to (3). We then get for the re-oriented
fields generated by the new patterns at the teacher’s and student’s output neuron, #; and 3,
respectively,

(4)

= [u] ts 1= L(R|u1| ++1 — Rz} . 5)
The probability density for the pair (7, 1) is
Pt 1) = f f Dy Dty 501 — a2 — L(Rlas| + /1 — Rouy))

20 1 —2Rt1tz/L+(tz/L)2)
ST iR ( 2(1 - R?)

(6)



6504 F Gerl and U Krey

where DPx = ex_g(—-xz,/Z)dx/«/er.; The probability density for the bare re-oriented
presynaptic field £ = 1, at the student’s output neuron simplifies to

CF e Ry
p(tz)_ofdrlP(ﬁ,fz)—Ef—;exP( 2L2)2¢(Lx/(1—R2)) ?

with ®(x) = 7 Dz. Correct classification implies £, > 0, which leads for given overlap
R to the generalization ability
[=.+]

G(R) := fdtz Plt)=1- %arccos(R) . ‘ (8)
0

These, of course, are known results of [4], and only repeated here for later purposes. For
the Potts perceptron, the equations are considerably more complex (see section 3).

2.3. System response for optimal stability

In the following we calculate the overlap R under the condition of optimal stability as a
function of «. With equation (8) one can then derive G as a function of «. Here we
use the Kuhn-Tucker conditions (see below)} and cavity arguments as in [1] concerning the
necessary response of the system to maintain these conditions for the already stored patterns
in the presence of the newly added pattern, which must also be stored.

The couplings of a perceptron trained for optimal stability can always be expressed in
the form (8]

1 -
he=5 §x“c#§,:‘ (9)

with the so-called ‘embedding strengths” x* = 0. As can be shown using Lagrangian
multipliers [8, 1], these embedding strengths have to fulfil the so-called Kuhn-Tucker
conditions, see below, Without restriction of generality, these are usually formulated by
fixing the length L of the coupling vector J in such a way that the stability limit for £ > 0
corresponds to E* = 1, i.e. L = ¢~!. With this convention, which we always use in the
following, unless otherwise stated, the Kuhn-Tucker conditions are

either (x* >0 and E*f=1) or (x*=0 and E* >1). (10}
In fact the AdaTron algorithm (without overrelaxation} of Anlanf and Biehl [8],
dx* = max(—x*, 1 — E¥) (sequentially or in paratlel) (11)

simply fixes the x* repeatedly to values which fulfil the Kuhn—Tucker conditions (10). If
the algorithm converges, the conditions are therefore automatically obeyed.
Using the ‘oriented correlation’ matrix

N .
BY =ity Y NTUEE (12)
k==l
and the definition (2), we can write for the re-oriented field E#

EF =Y S = B (13)
k v

With the Kuhn-Tucker conditicns we have finally

1
L=} B =2 ) ak. (14)
v &
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As in [1], we now add a new ‘question’ §° to the training set, with correct answer {T
given by the teacher. If the new training pattern (‘question’) is not incidentafly answered
correctly and with sufficient stability with unchanged J, ie. with E® = 1, then one rries
to embed it with xp = 1 — E® > 0, see equation (11). Here £° has been defined in (3),
and as already mentioned, the ~ only reminds us of the fact that one is dealing with the
re-oriented field before embedding of the pattern £° The change of the couplings due to
the introduction of xy leads to a perturbation of order = ({(1/+~/N) of the presynaptic fields
generated by the other stored patterns, so that the Kuhn-Tucker conditions of (10} are now
generally violated.

The Kuhn-Tucker conditions are then restored by a parallel AdaTron step (see below).
This restoration corresponds [ a ‘macroscopic response’ of the systems (i.e. the couplings).
As in [1], all furthe- -estoring steps lead only to corrections of order O(1/+/N) in the
response and are therefore neglected in the thermodynamic limit N — co. Additionally,
for the desired accuracy >~ &1/ +/N) it can be assumed that the x* and the matrix elements
B*¥ are uncorrelated.

To be specific, the ‘embedding perturbation® y#, which is generated by the newly added
pattern O and afflicts the pattern 4 with x# > 0, is' y* = B*°x0. Therefore it necessitates

the correction §x* = —B#0x0 _ In all, these corrections for ¢'= 1, ..., p generate at patiern
( a response field . -
gxo = S: BOgxk = — Z (B¥)2x0 7 (15
extt=0) . (x40} ' :

whlch reduces the effect of the AdaTron step with x9. Therefore, one has to enhance
1% =1— E® by an amplification factor 1/(1 + g)(> l)
Now the (B%)? are 1/N on average. see (12) Therefore one gets lmmedlately

Z (B = aP(x* > 0) = - ‘ o (16)
[TR ¢ .
where oefr is the percentage of exhausted degrees of freedom, i.e. if pattern O is as typical
as the other random patterns ¢ = 1. ..., p, one has to postulate
g=—teg=~a-Pln<1) 2(=D). - an

With these results, using E# = Y B*x" and L% = N7!%7 B %, we can now calculate
self-consistently all desired quantities by our Kuhn-Tucker ca.vity method.

2.4. Self-consistency equations with the cavity method

We proceed as in section 5 of [1], starting with the Kuhn-Tucker conditions and then using
the probability density w(x) for the embedding strengths:

1
ﬁ:in“Bﬂ“ Y= ﬁZx“=afdxxw(5r)'
N I

1
o
I — di P(1¥(1 — 1a
1+gf ) P)(1 — 1)
—o0

2Lo r - ' REZ -
=2 [ tho| == -5 1
I+g f ® (m) bemn) )

-
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Here, in agreement with the considerations in the last subsection, we have written the
embedding strength as x = @(1 — £)(1 —£)/(1 +g). Furthermore, L =l and % := 1, /L.
Finally, replacing L by 1/« and substituting g from (17), we get

K
- RE .
1+ g = ZCWC_[ sz Q(ﬁ) (K - tg)
or (19)

. RE .
1 =2« [ D12¢ (ﬁ) (1+K(K "12))
= aff Dty Dua[l + e(x — Rluy| — 1 — R2u)]. (20)
s

" In equation (20) the integration region is

S = {(u1, w)|Rlm} + v 1 — Ruz S &} (21)

From equation (20) one can derive a set of formal solutions a,y(R, )}, depending on R;
however, of all these functions only one is relevant: namely, R has to fulfil a certain self-
consistency requirement {see equation (23) below). Together, the two equations (20) and
(23) fix the desired result a(R) := a(R(k), ), which can be inverted to yield R(a).

Mathematically, the just-announced self-consistency equation (23) for the overlap R
between student and teacher couplings can be derived as follows: a typical pattern, which
generates a reduced presynaptic re-oriented field & = E/L < x at the student’s output
neuron, requires an {(enhanced) embedding strength x = (¢ —%)}/(1-¢). If it simultaneously
generates the re-oriented pre-synaptic field # at the teacher’s output neuron, this leads to
a contribution x¢, in the direction of the fixed teacher’s coupling vector. Summing up all
these contributions leads to

& oo - K= ?2
o f dy dé P(t1, 1)ty =R. (22)
0 —0 l+¢g
Here P (1), 12) is obtained from P(z, ;) in (6) by formally putting L =1 there.
Multiplying again with (1 -+ g), inserting (17}, and integrating finally over #;, we get
the announced self-consistency equation complementing {20), namely

K 1 — 3 o p2r2
2"‘[%{ i/z_: exp(z(liié))(”"f"’HRq’(%)“H?ZJ%)]=R‘

-0

(23)

Together equations (20} and (23) determine R(x), and therefore G(x) as well, see
equation (8). Examples will be given below in figure 1; those results are special cases
Q' = 2 of the corresponding figures for the general Potts model case in the next section.

2.5. Heuristic derivation of the replica-symmetric results

We now give a short heuristic derivation of the set of formal solutions ags(R, «) derived
from the replica theory under the assumption of replica symmetry, i.e. from the first self-
consistency equation (21) in [4]. As we will see immediately, crs(R, x) differs from
oo (R, 1), except at the ‘stationary value’ R = Ry(x), where (23) is fulfilled with
& = Gy (R, k). Moreover, this requirement for R = Ry, namely ags{R, ¥} = acv (R, &),
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1.5 T T T

0.75

R'resp. «

0.5

0.25

0.0

Figure 1. Graphical representation of the calculation of the desired relation o(R{x), ) between
the reduced number o := p/N of correctly learned ‘questions with answers’ and the related
stationary value R(x). Here R is the scalar product between teacher and student coupling unit-
vecters. In our Kuhn-Tucker cavity approach, R is changed to R'(R), if for given R and «
at first & is calculated from (11) and then R’ from (14). JIn contrast, R remains unchanged
(R' = R) by the replica approach. For x = 0.720037 (leading to R¢ := R(x). = 0.7 and
a(R{x), k) = 1,12678) the behaviour of our cavity method and of the replica-symmetric
approach is compared: The two respective upper curves, e,y (R, ) and opg(R, «), agree only
for & = 0 and for the stationary value Rg, where a(R, «) is maximal. This value Ry = R(x)
yields the desired monotonic refation «(Rp), and just there R is unchanged by our cavity leamning,
as shown in the lower part of the figure.

can be replaced by the postulate that for given x the function f{R) := ers(R, ), should
have a maximum at Ry, which leads to the second self-consistency equation (21} in [4]. In
contrast, Geay (R, ) is nof maximal at R = Ry.

In [5], Oriniasty has already developed a cavity theory of perceptron learning
(but not of generalization), which .is different from ours and completely equivalent to
replica calculations in the replica-symmetric approximation. In his derivation, Griniasty
concentrates on minimizing cost functions instead of using a learning algorithm. In section 5
of his paper he develops a simplified version (which, in our opinion, nevertheless catches
the spirit of his method) to derive a certain constant of integration, namely, he shows that
one can arrive at the replica results, if one makes the incorrect, but consistent assumptions
that both the reaction field gx° and the correlations B** = N~V | rRelerel for p £ v
vanish.

With these two assumptions, in our case one can obtain the final embedding strength
Xpg (which corrects #,, the field before training, whose probability distribution is given in
(7)) by a simple AdaTron learning step (11). We then calculate the length of the coupling
vector, which again has to be consistent. Since we now cannot determine R from the linear
combinations of the patterns as in (22), we have to actively fix the overlap R with the
teacher. This implies that now the relevant length of the coupling vector is not L2 as in
(1], but L? - (1 — R?). Therefore, with the just-mentioned assumptions we get

2 l.po o 1
L*i1—-RYH = ﬁxl{s Brs %ps = XM:(XQS)Z (24)
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which implies

(1 — R?) = o f &, BBk - B

K
- R -
= aRS_£ Drz:‘b (ﬁ) (IC — tz)z
= oOigg ffS’Du]’Dug(sc— Rlu] — 1 = R2up)°. 25)

Equation (23}, which determines our apg (R, £}, is identical with the first self-consistency
equation (21) in the replica calculation of [4]. The second self-consistency equation of (21)
in [4] was already mentioned: among the possible values of R, the optimal student chooses
that one, which maximizes the number of patterns which can be stored with the given
stability. Together with (25), this implies

L3
a3 - -
2R =ansyr [ PG - R 26)

-0

Interestingly, instead of calculating Rg from (20) and (23) (cavity approach), or from
(25) and (26) (replica calculation}, one can also combine the ‘best of either set’, namely
(20) and (25), see below,

2.6. Results for perceptrons with Ising neurons

The different philosophies of the two approaches become clear, as we compare the results
obtained with our Kuhn-Tucker cavity approach, i.e. equations {20} and (23}, with those
obtained with the ‘replica formalism’, i.e. (25) and (26) in figure i.

As already mentioned, and as can be seen in figure 1, the results agree at the extremal
overlap value R = Ry, which corresponds to the uniquely determined saddle point of the
RS solution. The disagreement for R 5 Ry, however, does not imply contradictory results.
Instead, what happens is that the extremal point is approached along different paths. In
the lower part of figure 1, we present the function R'(R). This is obtained, if for given R
and «, at first e,y is caleulated from (20) and then, with & = ce, R from (23). As we
increase R the patterns become progressively easier 10 store and degy grows monotonically
(see the chain curve in figure 1). Only for R = R’, however, is the solution valid.

We now discuss the full curve in figure 1, representing crrs. As mentioned before, this
is the storage capacity, if the student has a certain fived overlap R with the teacher. For
R = 0 the problem reduces to storing randomly oriented patterns, and ags is equal to ¢eqy.
With increasing R — R the patterns become easier to store, i.e. ags increases, until at Ry
the maximum Is obtained, where again wpg = twy. Then, for R > Ry, the fixation of the
overlap R with the teacher drastically Jowers the number of patterns p = ¥ - ags, which
can be stored, as B — 1. Finally, for R = 1 no extensive number of patterns can be stored
(ie. ars = 0), because the teacher herself has stability ¥ = 0 for random patterns.

As stated above, for R = Ry one can use either the cavity equations (20) and (23)
or the RS equations (25) and (26); but an easier and numerically more accurate way is
to combine the simplest equations from both methods, i.e, equations (20) and (25), into a
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single equation for R, namely
« :
> R = 2 L7 2.2 1 P2y
f Dh @ (————_1___ Rz) - QA+ R+ R« —(1-R }] =0, 4]
—00 -

The loading parameter c(R) as a function of the overlap R is then obtained, e.g. from
equation (20}. ,
Most interesting is the behaviour for R — 1, i.e. £ — 0 or @ — co. In this case, the
"Gaussian measure Df; in (27) is practically stationary in the relevant region, so that the
integrals over d7; can be evaluated. With # := x/+/1 — R2, one then obtains the implicit
equation 2 ~V/2(1—1/u?) exp (—u?/2) +u®(u) = 0, which yields u = 0.638 8332158.. ..
Introducing this into (23) for the loading parameter ¢, one obiains for perceptrons with
Ising neurons, with ¢ := 1.998 046 18 ... asymptotically for & -+ co the overlap
1 TEZ - .
Rle)~1—o—=1—n"2x12361145L... . (28)
2 22

and with (8) the generalization probability

Gla)~ 1 - -c% =1-o7" x0.50048893.... (29)
Finally, the optimal stability x(c) is for given o ‘
' () = % =o' x 1.004458132 . .. (30)

Further, for ¢ — oo, the asymptotic behaviour of g is that of (—R(x)}. Thus the results
from our cavity approach agree completely with those of the replica calculation of [4].

3. The generalization ability of the Potts perceptron with optimal stability

What has been gained in the preceding section are two simple cavity methods, which can
even be combined with some care, to calculate the generalization ability for perceptrons
with Ising neurons and real couplings under the usual spherical constraints. The methods are
(i) our Kuhn-Tucker cavity method of section 2.3, which (as we will see in a forthcoming
paper) can also be applied to situations, where replica symmetry is broken (although in
that case it is no longer exact), and (ii) the cavity approach of section 2.4 based on "noise
arguments’ & la Griniasty, see [5], which is equivalent to the replica calculation for non-
broken replica symmetry (‘RS approach’). In the preceding section, we have demonstrated
the similarities and differences between these two approaches, which are equivalent as long
as the RS approach is correct. The essential point, however. is that both cavity approaches
are easily applicable to more complicated models.

In the present section, using these cavity approaches, we will get new results, namely,
the generalization ability of Potts perceptrons with general values @ and @’ of the number
of states of the input and output neurons, respectively.

3.1. Basic equations for the Potts case

For Potts model perceptrons, the input neurons at a site k have Q different states (i.e.
ne=1.... @ below), which are vectors 71, with @ components,

My, (8) = Qdgp, — 1 (3L
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for s = 1,..., 0. For the output neuron, the corresponding quantities are @’ and 5', i.e.
Q' and @ can be different. Then the couplings Ji also become more complicated, namely
one gets s’ X ¢ matrices Ji(s', 5) for the student and J7 (s’ 5) for the teacher, respectively,
which are abbreviated as J (with norm L? = |J|?) and JT respectively (with [J7* = 1)..
Their mutual overiap R = L~ (J1J’ T) is defined as

o
= —tr” Z(JTJT) = ZZZW SIT(S, 5) (32)
Laaa
where tr; » means ‘trace’ and ‘L means ‘transposed’.

The sum over s resp. s* of the coupling matrices can be assumed to vanish for both
perceptrons. These are the wsual gauge conditions for Potts systems (see, e.g. (4) and (5)
in [17).

It has been shown in [1] that the re-oriented presynaptic field at the student’s output
neuron can be determined for a newly added random pattern by drawing the Q' components
from a Gaussian distribution with average 0 and variance L2Q/(Q’ — 1) (for the teacher,
L = 1). Furthermore, due to the gauge freedom, the component in (1, ..., 1) direction in
Q'-space is arbitrary as in [1]. At the teacher percepiron a random pattern u generates the
(non-re-oriented) presynaptic output field '

Ri=>"J-my  ie hsH=) 9 I, ms). (33)
k k5

Finally, the re-oriented presynaptic field EY of the teacher’s output neuron is

Ef =P""hY (34)
where n'* = sec(h%). Here ‘sec’ is simply the function (defined already in [2]), which
determines the output value " = 1,..., Q' of the perceptron from the presynaptlc field

according 1o the phase space secnon, 10 which the field belongs. Similasly, P71 s the
cyclical shift operator, which shifts the maximal component #'# te the first place, see, e.g.
equation (17} of [1].

3.2. Self-consistency equations for the Potts case

In contrast, E‘, the re-oriented field of the student, i.e. re-oriented with respect to the
output of the teacher, can be constructed for a newly added random pattern x = 0 as in
the preceding section by a decomposition of the coupling vector of the student perceptron
into two perpendicular components, where the first component is parallel to the teacher’s
coupling vector and has the length R L, whereas the second one of length L+/T — R? is
perpendicular to it. Thus we can write down the generalization probability G{R) that for
such a newly added random pattern (= ‘question’) the student produces the same output
(=‘answer”) as the teacher: With the integer ] := sec(u;) and the Kronecker symbol
8{ny. nz} := 1 for n) = ny. =0 else, we get

G(R) = ] f Duy Du_o_a{l,sec (R'Pl-"'lm +/1- Rz'u.g)} (35)

where the 0" components of the vectors u, are normally distributed.

Here again, learning is a prerequisite for generalization. Therefore, since the learning
task for the student perceptron with optimal stability has already been treated in {1}, we can
be rather sketchy in the following. As in equation (9) above, there is again a representation
with embedding strengths = = (x(1}, ..., x(2')), and again there exists the optimization
problem eguation (26) in [1], which leads to the Kuhn~Tucker conditions for the solution,
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i.e. equations (30}~(33) in [11, which can be solved by the same AdaTron learning algorithm
for Potts perceptrons as described there.

But the subsequent calculation leading to the response of the couplmgs on a newly
added paitern is now slightly more complicated than the corresponding calculation in [1).
(As in the preceding section, this response is necessary to fulfil the Kuhn-Tucker conditions
for the new pattern and the already stored ones as well.} The complication is that now the
re-oriented field T of the student (see below) must be decomposed into the already mentioned
components parallel (resp. perpendlcular) to the coupling vector of the teacher perceptron.
For the reaction factor we again obtain g = —ek/(Q’ — 1), where & is the average of the
number k of active directions (see equation (57) in [1]). However, the equivalent to the
integral (79) in [1] is now the double integral

2 23
Du, D 1a 36
s 1+gf w Dug % D) | (36)
with the abbreviation
= RP"™Mu +v1-Ruy (37)

for the re-oriented field of the student. In equation (36) we have distinguished the (1)-
component of the embedding vector as that one comresponding the ‘recognition section’
of the phase space, to which the ‘re-oriented field’ must belong, and we have used
t = £/(Q — DAOLY), x K1) = x{t}1)/(Q' — D/HQL?, and ¢ = kL =1
for the quantity ¢ appearing in the Kuhn-Tucker conditions and the Adatron process
in [1], see, eg equations (29)—(39) there. If we then set L = /(0 —1)/0, we get
¢=«L =« 1= k(@ —1)/Q as our reduced stability measure, and additionally ¢t = £.
The foilowmg steps are similar to those leading to (83) i in [1] and lead to the result

Q,_I f Duy Duz (K8) + w1t} - m 1) (38)

which corresponds to (20) for the case of Ising neurons (see above). From this equation,
feav(R, %) can be calculated. (The determination of k{t} and &'{t} is described in [1].)

As in the preceding section, we need a second condition fixing R = Ro{x). One can
use, for example, the self-consistency condition for the overlap

1
R= ity E(J,EJ};)

1=

—n¥ t
WU}: [;; 731 tgH ®mn$j) JZ]

1 M 4

N(Q—INQ(Q’—I Z BT

o

Q' -11+g
Here equation (20) of [1] has been used for the couplings J of the student perceptron with
optimal stability; E7 is the re-oriented presynaptic output field of the teacher perceptron,
see equation (34}, finally, the generation of the presynaptic output fields of teacher and
student from a Gaussian has been used, as described above. Performing similar steps as

above, multiplying (39) with 14 g and inserting the expression for g from above, one thus
obtains

f Duy Dug 2 () - Py 39)

Dua(Rkft) + 2o (£} - P ™"uy). (40)
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To conclude, we stress that (38) generalizes (20) for the determination of o (R, &)
from the Ising case to the Potts case, while (40) corresponds to the additional condition
(23), i.e. the self-consistency for the critical overlap R. Both equations have been derived
with the present Kuhn-Tucker cavity method.

On the other hand, the generalization of the ‘noise arguments’ & la Griniasty [5], is also
possible and leads without difficulties to

1—-R*= Q’ 7 f’Dul Duy (@ {tH2 . 41)

This equation generalizes (25) and must again be augmented by the condition that for given
#, R = Ry should be chosen such that ags{R, ), as determined from (41), is maximal. As
mentioned in [1] and sketched in {6], it can be shown by partial integrations that both sets
of equations are equivalent, but only as long as the replica symmetry is guaranteed, since
in case of replica-symmetry breaking our approach leads to different results compared with
the RS approximation, in contrast to Griniasty’s approach (see [5, €]).

3.3. Evaluation of the integrals and results for the Ponts case

The evaluation of the self-consistency equations for Potts perceptrons requires numerical
results for the comresponding multi-dimensional integrals. For the special case Q" = 2, after
a suitable tescaling from «’ to «, we regain the results of section 2. The results for Q' = 3
are identical to those for ¢lock perceptrons with Q = 3, which have been published in [9].

For general Q, the integrals can be evaluated quite accurately and efficiently by the
following Monte Carlo process. Choose a value R beiween O and 1. Then generate
the ' components of the vector wu; as independent random numbers drawn from a
‘normal distribution’, i.e. a Gaussian with average 0 and variance 1. The largest of these
Q' components should be shifted to the first place, so that P!y, represents the re-
oriented presynaptic field generated by a random input vector at the teacher’s output neuron,
Then a second vector s is generated, again with independently and normally distributed
components, and the re-oriented presynaptlc field ¢t = Z at the student’s output neuron is
evaluated according to (37).

With 2y and £, all relevant integrals can be evaluated. For the generalization ability one
has to check for each event, whether the student’s ‘answer’ agrees with that of the teacher.
For x,{#} and k{t} an AdaTron training step has to be performed with the scaled stability
¢ =«’, by which then the contribution to the integrals (38}, (39) and (41) is determined.

This can be performed with Hitle additional effort simultaneously for different values of
«’. If one knows the average @ from (40) in [1] and the active directions for a certain ', a
can then be calculated for a larger &’ in one additional step. One only has to look whether
for that ¢’ an additional active direction has to be added to the list. Thus the generation of
new randem numbers and the sorting of components is avoided.

Figures 24 present results (i) for the generalization probability G(R) as a function of
the overlap R, (ii) for R(x) (where & is the loading parameter), and (iii) for G{g), for the
values Q' =2, 3, 4, 5, 6, 10, 100 and 1000. To produce the curves, we generated 5 x 108
random numbers for every point in the plot. For given R, at first a «' was guessed, and the
integrals were evaluated for 60 different «’ in the vicinity of the first guess, usually with
full accuracy only in a second iteration. 'We have found in this way within our statistical
accuracy that for all points for given R at the intersection of ¢y from (38) with apg from
{(41) also the self-consistency condition (39) was fulfilled. With condition (39), the desired
values x'(R), and thus o{R, k¥'(R)), can be determined more accurately and can better be
interpolated from neighbouring values.
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Figure 2. For perceptrons with Patts (J/-state output neurons, the generalization ability G(a, @)
is plotted as a function of the averlap R for @' = 2,3, 4, 5,6, 10, 100, 1000. Particular values
are G(0, @) = 1/Q’ and G(1, 0") = 1. The full curves have been determined for Q' > 4 by
the Monte Carlo integration algorithm described in the text.
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Figure 3. The stationary overlap R = Ro(e, &'} of the student’s and the teacher's coupling
vectors is plotted against the reduced number @ = p/N of learned ‘questions with answers’ for
Q'=2,345,6,10, 100, 1000.

It is interesting to compare the results of the figures 2—4 with those obtained for the
clock model in [9]. For the clock perceptron, as a function of &, in the limit of @' ~» co
one gets a second-order “phase transition’ at & = 2 from a phase with no generalization for
o < 2 to a ‘generalizing phase’ at @ > 2. More precisely. one has for & > 2 the exact
inequality G(a} 2 1—2/a for all values of Q'. In contrast, for the present case of the Potts
perceptron the generalization ability vanishes at Q' = co for all finite values of «, and not
only for & < 2 as for the clock perceptron. The reason for this different behaviour is that
for the Potts model, there are many more degrees of freedom to be fixed.

Thus, when a problem allows the application of both Potts and clock perceptrons with
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Figure 4. The generalization ability G{o, 2" of the stndent is plotted as a function
of the reduced number @ = p/N of learned ‘questions with answers' for @' =
2,3,4,5,6, 10, 100, 1000. Foro = 011 is G = 1/Q’; this corresponds to random guessing. For
o = co one confirms the suggestion G(a, 0"y =~ 1 — (Q' — 1} x 0.500488 931,
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Figure 5. The relative information gain / ;= Al see the text, is presented as a function of the
reduced number o 1= p/N of learned ‘questions with answers’ for 0'=12,3,4,56,10,100.

large ', it is more advantageous, concerning the generalization properties, to choose the
Clock model.

For 0' = 2 the behaviour of G(x, Q") for ¢ — o0, ie. R — 1, is contained in
equation. (29); for the Clock model with Q" = 3 one has from [9] the asymptotic result for
o — oo G, @ =3) =~ 1 —2x0.50048803c™, i.e. for Q' = 3 the prefactor in front
of o™t exceeds that for ' =2 by a factor of 2. This leads to the suggestion that for the
general case the asymptotic behaviour for & — o0 is

Glo, )= 1—(Q ~ 1) x0.50048893¢" . (42)

Within the numerical accuracy, this result is in fact observed in our calculations.
A further quantity, which allows a comparison of Potts perceptrons with different Q’,
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is the information gain: before training, all ‘answers’ s = 1,..., @ on a ‘question’
are equally probable i.e. the information entropy is Iy = In Q’, whereas afterwards it is
I{Ry=— Z 7= Por{R)In Py(R). Thus, the information gain is

AI(R) = log @' + }: Pu(R) - In Pu(R)

=1
, 1-G '
=log@+GmG+(1—-G)ln o1} (43)
In figure 5, the relative information gain Al(R) = AI(R)/In Q' is plotied against «
for Q" = 2,3,4,6,10,100. Here again, if one compares with the Clock perceptron, a
qualitatively different behaviour is observed (cf figure 9 in [97).

4. Conclusions

In this paper, within the framework of statistical physics, we have derived a ‘Kuhn—Tucker
cavity method’ for the generalization ability of perceptrons which have been trained to
optimal stability. The approach simplifies the calculation of the generalization probability,
compared with the technically more complicated replica calculation, to which our cavity
method is equivalent as long as replica symmetry holds. For the present applications this
is the case, i.e. here our cavity approach is exact.

At first, we have exemplified our method for the case of perceptrons with Ising neurons,
where we can compare directly with the known results from the replica approach. Then
we applied it to the more complicated generalization properties of perceptrons with Potts
neurons, where we obtained new results, since there no replica calculation exists and would
be extremely complicated. In both cases, we calculated the generalization ability G(w), i.e.
the probability for the event that a student percepiron, after having learned ‘with optimal
stability’ (e.g. with the AdaTron process of [2, 8]) to give the same answers as the teacher
to a certain “training set’ of p = aN questions £* for £ = 1, .... p, gives again the ‘correct
answer” (i.e. that of the teacher) to an additional random question £°.

The essence of our method is the reaction strength —gxq, which acts against the trial
implementation of £° with a ‘bare’ embedding strength °. This ‘bare embedding’ =* would
correspond to a simple sequential AdaTron learning step which does not take into account
the p = aN ‘questions with correct answers’ already stored. The reacrion is a necessary
consequence of the fact that those of the already ‘stored paiterns’ £, with w =1,...,p
(= «N), which are at the limit of stability, are perturbed. To counteract this perturbation,
the embedding strengths =* must be changed by a certain §z*, which in turn acts against
the original attempt to store pattern 0. This necessitates an enhancement of z° by the factor
1/(1 + g). At the limit ¥ ~» 0, where all coupling degrees of freedom are fixed, one has
for & =+ co asymptotically g{o) = —R{e) — —~1.

In section 2, we first showed the equivalence of this, approach with the known exact
replica-symmetric solution (see [4]) for the particular case of Ising neurons, i.e. 0 = @' =2
with real-valued couplings fulfilling the usual spherical constraint. Precisely, we found that
both approaches are equivalent just at that value R = Ry of the overlap L~1(JTJT) of
student and teacher coupling vector, which leads to the maximal value of o for given «.
We even profited from combining different equations from the two approaches.

We also showed that the replica approach to generalization, as long as replica symmetry
is not broken, is equivalent to a different cavity theory for generalization, which for the
learning paradigm would reduce to the simplified cavity theory of Griniasty, see [5].
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However, as soon as replica symmetry is broken, the ‘Griniasty-cavity approach’ differs
from our Kuhn—Tucker cavity method, see {6, 10]. (In the present paper, where replica
symunetry prevails, both approaches are equivalent. However, Griniasty concentrates on
minimization of a cost function, whereas our Kuhn—Tucker cavity approach concentrates on
learning algorithms.)

In section 3, both cavity methods have been extended and combined to the case of
Potts perceptrons with general values of Q and ¢, and by a careful and very accurate
Monte Carlo implementation of the multi-dimensional integrations involved, we obtained
the desired results for G(x, 0’} and for the related information gain Af(x, @'). However,
the present results for the Ports models are simply monotonically increasing in 1/Q’ and o
without any kinks in the derivatives, and G(w, Q") vanishes for Q' = co for all values of
o, whereas for the Clock model case it has been shown in [9] that for Q' = cc there is a
second-order phase transition from a ‘non-generalizing phase’ with G(e) =0 fora <2 to
a ‘generalizing phase’ with G(e) > 1 — (2/a) at o > 2.

For the present case of Potts model output neurons with finite Q°, we have obtained for
o — oo the asymptotic result G(a, @) =~ 1 — (@' — 1) x 0.500488 93a™!.

As already mentioned, we have found that our Kuhn—Tucker thecry can also be used
for problems, where replica symmeiry is broken, and in this case it yields results which
differ from the replica-symmetric calculations. This will be discussed in a following paper,
[101.

Acknowledgments

The authors would like to thenk G Poppel, M Opper, A Scharnagl and B Schottky for
valuable discussions. The computations have been performed at the computing centers of
the university at Regensburg, the LRZ in Munich and the HLRZ in Jitich.

References

[1} Gerl F and Krey U 1994 J. Phys. A: Math. Gen. 27 7353
(2] Gerl F, Bauer K and Krey U 1992 Z. Phys. B 88 339
3] Watkin T L H, Rau A and Biell M 1993 Rev. Mod. Phys. 65 65
[41 Opper M, Kinzel W, Kleinz J and Nehl R 1990 J. Phys. A: Math. Gen. 23 23
[5] Grinjasty M 1993 Phys. Rev. E 47 4496
[6] Gerl F PhD Thesis University of Regensburg
{7} Watkin TL H, Rau A, Bollé D and van Mourik J 1992 J. Physigue I 2 167
[8] Anlauf J K and Biehl M 1989 Europhys. Len. 10 687
[9] Schottky B, Gesl F and Krey U 1995 Z. Phys. B at press
[10) Gerl F and Krey U to be published



